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Abstract

In models with one extra spatial dimension, a brane can be realised as a scalar field domain wall.
In order to identify this with our universe, standard model fields need to be localised on the wall by
dynamical mechanisms, to explain why we don’t observe the extra dimension.

It is well known that fermions can be localised by a Yukawa coupling to the field forming the
domain wall. There is as yet no widely accepted technique for localising gauge bosons, but this
project explores two possibilities. In the first, gauge bosons are localised by coupling to a second
scalar field called the dilaton. It is shown however that the inclusion of the dilaton in the model
destroys the localisation of the fermions.

The second model has an SU(5) gauge theory in the bulk, which is broken to the standard model
gauge group on the domain wall. It is argued, following Dvali and Shifman [1], that the confinement
property of the bulk theory will result in massless standard model fields being trapped on the wall.
Stable classical solutions are found for a Higgs field in the adjoint of SU(5) which performs the
required symmetry breaking.
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1 Introduction

In recent years there has been a lot of interest in models of particle physics which utilise extra
spacetime dimensions. It is possible in many cases to show that physics would nonetheless give the
appearance of 3 + 1 dimensions at the energy scales thus far probed by experiment.

The original method for ‘hiding’ the extra dimensions was to postulate that they were curled
up to a very small size. In this case, physics acts (3 + 1)-dimensional all the way up to the energy
scale corresponding to the inverse of the diameter of these extra dimensions. It seems unnatural,
however, for our universe to have three very large spatial dimensions, while the rest are microscopic.
We would rather start with a theory in which all dimensions are equivalent, and find solutions which
result in only three large dimensions.

The basis for this project is a scalar field in 4+1 dimensions which forms a topological defect called
a domain wall, which then serves as our (3+ 1)-dimensional universe. The aim is to localise standard
model fields to the wall to yield an effective (3 4 1)-dimensional theory. The most difficult problem
proves to be localising the gauge bosons. The first approach taken is shown to cause insurmountable
problems with the other particles. However, success is achieved with an SU(5) grand unified theory
in 4 4+ 1 dimensions, which results in just the standard model fields being trapped on the wall.

In sections 2-4 of this thesis we review the basic properties of the standard model, plus SU(5)
theory, and those aspects of extra-dimensional models most relevant to the project. Section 5 is
an introduction to a somewhat non-standard approach to general relativity, which is required in
what follows. Section 6 consists of calculations and discussion of the dilaton model, which was a
failed attempt to localise gauge bosons and fermions simulataneously, while sections 7-8 detail the
successful SU(5) model developed, plus some initial discussion about including gravity in the picture.

Appendix A contains a review of the mathematics required to understand gauge theory. Appendix
B is a brief explanation of the concept of a topological defect, of which a domain wall is an example,
while Appendix C explains the main numerical procedures utilised in the project.

1.1 Notation/conventions

With the exception of section 6, we use the (4, —, ..., —) metric signature. The reason for the change
in section 6 was to be consistent with [2], from which the work followed directly. The main differences
are a change of sign for the kinetic term of a scalar field, and the different definition of the Dirac
matrices, which replaces the ‘4’ in the fermion kinetic term with a —1.

Throughout, upper case roman letters (M, N, ...) denote five-dimensional indices, and lower
case greek letters (u, v, ...) denote four-dimensional indices. y will always be used for the extra-
dimensional coordinate. In sections 5 and 6, upper case roman letters from the start of the alphabet
(A, B, ...) denote five-dimensional ‘flat space indices’, and lower case greek letters from the start
of the alphabet (o, 3, ...) denote four-dimensional flat space indices.

Group generators will always be normalised so that Tr(7%7%) = 2

= §5ab. This means for example
that the correct normalisation for the kinetic term of a field in the adjoint rep. is TT(DMxDMx).
The summation convention is used throughout, so unless otherwise noted, repeated indices are

always summed over.

2 Gauge Theory and the Standard Model

It is usually said that nature exhibits four different fundamental types of force: gravity, the electro-
magnetic force, and the strong and weak nuclear forces. Between individual elementary particles®,
the force of gravity is exceedingly weak compared to the others, so for all practical purposes can be
ignored. Therefore theoretical particle physics aims to describe the other three forces. The modern
description of electromagnetism and the nuclear forces revolves around the concept of symmetry.
Everyone is familiar with symmetry in everyday situations — the fact that certain objects are un-
changed when rotated or reflected. The symmetries relevant to particle physics are somewhat more
abstract, although the basic idea is the same.

The type of symmetry we are interested in was first noticed in the early days of nuclear physics.
It was observed that the force which holds the nucleus together seems not to differentiate between
protons and neutrons, and that these particles have almost identical mass. Heisenberg proposed a
model in which protons and neutrons are states of a single particle called a ‘nucleon’;, which possesses
a quantity analogous to the familiar intrinsic spin, called isospin. A proton corresponds to isospin

—|—%, and a neutron to isospin —%. The nucleon wavefunction is then N = (p n)T where p, n are

1Leptons and quarks, as far as we know at this time.



the proton and neutron wavefunctions respectively. Mathematically, the proton-neutron symmetry
manifests in the fact that the nuclear Hamiltonian can be written in terms of N, and remains
unchanged when N is multiplied by any 2 x 2 special unitary matrix?. It is said that the theory ‘has
an SU(2) symmetry’.

Yang and Mills extended the above idea by ‘gauging’ the SU(2) symmetry [3], to obtain a
dynamical theory of the nuclear force. Although this theory turned out to be incorrect, the idea lies
at the very heart of modern descriptions of particle interactions. As such, we now briefly review the
ideas of gauge theory, and the standard model of particle physics.

2.1 Gauge theories

(Notation: Greek indices u, v etc. are Lorentz indices; Roman indices a, b etc. from the start of the
alphabet are Lie algebra indices, and Roman indices i, j etc. from the middle of the alphabet label
components of a representation.)

The basic ingredient we start with is a k-tuplet ® = (¢1,...,¢x) of fields that is acted on by a
k-dimensional representation of some n-dimensional Lie group G. We can take the representation
to be irreducible without loss of generality; if it wasn’t, we would simply consider an irreducible
subrepresentation instead (see appendix A).

Suppose we have a Lagrangian for ® that is invariant under the action of G. For U € G we can
write U = exp(—if*7®) where {r*,...,7"} is a basis for the Lie algebra of G' and the §° are real
numbers. We will adopt the physicists’ terminology and refer to the 7’s as the group generators. We
choose them such that,

1
Tr(r*r?) = §6ab
and define the structure constants C** by,
|:7_a7 Tb] _ Z'Cabc,rc

If the 6° are constant, it is immediate that when we make the transformation & — U® =
exp(—i0°7*)®, we also get 9,2 — UO9,P. It is this property that guarantees the invariance of
terms such as the kinetic term — 0,$9*® for a scalar field, or i®~*9,® for a fermion. The gauge
principle asserts that the Lagrangian should also be invariant under the more general transforma-
tion where we allow the group parameters to be function of z, 0% (x). In this case, a G-transformation
gives,
O(z) — U(z)®(z)
9,0(@) — U(@)d,0() + (9,U())d(x)

It is obvious that the extra term occurring in the second line means that the Lagrangian will not be
invariant under this transformation. For the gauge principle to be viable, we have to define a new
derivative operator D, by demanding that if ®(x) — U(z)®(z), then D, ®(z) — U(z)D,P(z).
As long as our Lagrangian was initially invariant under constant G-transformations, it will then be
invariant under position-dependent ones.

Intuitively, we could argue that the new derivative operator must have one degree of freedom
for each group generator, in order to be able to compensate for the most general possible G-
transformation. This is in fact the case. We define the gauge covariant derivative by,

D,® = (0, —igA,T")®
where each A® is a new vector field. The condition D, (U®) = U(D,®) now becomes,
(Op —igA T\ UD = U(0, — igA;T")®
which leads to,
Altre — T AS U é(aMU)U’l
Therefore we define gauge transformations of the theory to take the form,

> — U
Y — UAZT“U*—é(aMU)U*1

?Notice that because the proton and neutron have different electric charges, isospin cannot be an exact symmetry of
nature. In the nucleus, however, electromagnetic effects are small, and isospin is a very good approrimate symmetry.



The covariant derivative we have defined is reminiscent of the minimal coupling prescription for
incorporating electromagnetic interactions into quantum mechanics. This is no coincidence. If G =
U(1), there is only one group generator, and gauge transformations are just the familiar gauge
transformations of Maxwell’s theory. Electromagnetism is a gauge theory, with gauge group U(1)!

In electromagnetism, A, represents the dynamical degrees of freedom of the electromagnetic field
itself. To have a complete dynamical theory, we need to introduce a kinetic term for the gauge fields.
We will do this in a slightly sophisticated way, but notice that in the case G = U(1), we get the
familiar —iF“”FW7 from which Maxwell’s equations follow.

Note that although ordinary partial derivatives always commute, gauge covariant derivatives do
not. This leads us to define an n-tuplet (remember n = dim(G)) of anti-symmetric rank two tensors
Fi, by,

(DuD, — D,D,)® = —igF,,7"®

From this we can derive the expression,
Ff, = 0,A% — 0, AL + gC™ A} A,

For U(1), C%* = (, so this is the usual definition of the field strength tensor. It is easily proved that
under a gauge transformation, Fj, 7% — UF[},,T“Ufl. The trace of a matrix is unchanged under
such a transformation, so we can write down the gauge-invariant gauge-kinetic term,

1 a _a
Loy = —ETr( T Fﬁyrb)

1
= —§FﬁyFb“”Tr(TaTb)

1 a apy
= —ZFHVF "

From the definition of F', we see that Ly contains terms which in quantum perturbation theory yield
vertices with three or four gauge bosons, and no other particles. So for non-Abelian gauge groups,
the gauge bosons interact with each other, making for much richer dynamics than in the Abelian
U(1) case.

We now have the ingredients to construct a fully dynamical theory of interacting particles, where
the interaction is mediated by the gauge bosons Aj; associated with the group G.

2.2 The standard model of particle physics

The best theoretical picture we currently have of the nuclear forces and electromagnetism is that
together they are described by a gauge theory with gauge group SU(3) x SU(2) x U(1). There
is a ‘charge’ associated with each factor, usually referred to as colour, weak isospin, and weak
hypercharge (or sometimes just hypercharge) respectively. Notice that none of these correspond to
electric charge; we will see later how electromagnetism fits into this picture. We will not go into the
choice of this gauge group here (see eg. [4]), but we do need to know which particles are considered
to be elementary, and which representations of the gauge group they belong to.

In the standard model, the basic matter particles are quarks and leptons. The lepton sector
contains the electron, its two heavier cousins the muon and the tauon, as well as a neutrino cor-
responding to each. Similarly there are three ‘generations’ of quarks, and each generation contains
two quarks. The three generations are the up and down quarks, the charmed and strange quarks,
and the top and bottom quarks. All the quarks and leptons are spin—% fermions. The only difference
between the three particle generations in the standard model is their masses. The reason for this
seemingly redundant replication is completely unknown at present.

The quarks have the additional property that each comes in three ‘colours’ — red, green, and
blue®. Tt is this colour degree of freedom that the SU(3) group acts on, which is responsible for the
strong nuclear force. The SU(3) gauge bosons are called gluons. The restriction of the standard
model to quarks and gluons is often referred to as quantum chromodynamics (QCD).

The standard model Lagrangian contains no mass terms for any of the fermions. This may sound
strange, but we will see later that masses are generated by spontaneous symmetry breaking. For
such massless Dirac particles, the Dirac equation actually separates into independent equations for
the positive and negative chirality (right and left handed) parts. This means we can place the left
and right-handed components of a particle into different representations of the gauge group, meaning
they respond differently to the fundamental forces! In fact, nature forces us to do this, because the

3These are just fanciful names; elementary particles can not be said to have a colour in the traditional sense.



weak nuclear force only affects left-handed particles. For this reason, the standard model is said to
be a chiral theory.

To emphasise the chiral nature of the theory, and that the U(1) part of the gauge group rep-
resents hypercharge rather than electromagnetism, the standard model group is often written as
SU(3)e x SU(2)r x U(1)y, where ¢ stands for colour, L for left-handed, and Y for hypercharge®.

The representations of SU(3). x SU(2)r x U(1)y are usually given as follows. For some field 9,
we write ¢ ~ (n1,nz2,c) where n; is the dimension of its SU(3) representation, ns is the dimension
of its SU(2) representation® , and c is its hypercharge (analogous to ordinary electric charge).

We will give the representations for the first generation of particles. As mentioned above, the
other two generations are identical. The notation is as follows: fr = (ve e)f is the left-handed
electron and its neutrino, written explicitly as an SU(2) doublet. Similarly Qr = (u d)} is the
left-handed up and down quarks. er is the right-handed electron; ur and dr are the right-handed
up and down quarks. The corresponding representations are,

fL ~ (17 27 _1) QL ~ (3727+1/3)
ER ~ (17 17 —2)

We can see now that we can’t include ordinary mass terms for the fermions, because they would not
be gauge-invariant. For example, an electron mass term would be me(€rer + €rer), and this is not
invariant under SU(2)r x U(1)y.

Electromagnetism is incorporated in the standard model in a somewhat peculiar way. If we
denote the generator of the hypercharge group by Y (such that, for example, Y - ug = %uR)7 and
the diagonal generator of SU(2)r by I3, then it is easily verified from the above representations and
the known electric charges of the particles that the electric charge operator @ is given by,

Y
Q:IS"FE

Therefore the electromagnetic gauge group U(1)q is contained in SU(2)r x U(1)y, and the photon
field is a linear combination of the gauge fields of these groups.

So far there are a few problems with what we have presented. Gauge invariance precludes realistic
fermion masses, and demands that the weak gauge bosons are massless, whereas we know this is not
the case in nature. These issues will be resolved after we discuss spontaneous symmetry breaking.

2.2.1 Confinement in QCD

An important fact concerning the standard model is that quarks and gluons have never been observed
on their own. Instead, all particles measured at particle accelerators are singlets under the colour
SU(3) group. This is a property known as confinement — it seems that coloured particles cannot
exist freely, but instead are ‘confined’ inside composite colourless particles.

Can QCD explain confinement? All indications are that it can, but nobody has managed to prove
it. It is true that the strength of the strong interaction is predicted by QCD to decrease at high
energies, to the point that quarks barely interact at all if pushed close enough together® (remember
the inverse relationship between energy and distance). This is known as asymptotic freedom.
Conversely, if the quarks begin to separate, the strength of their interaction must increase.

Unfortunately though, as distances increase, the strength of the QCD interaction increases to the
point where the effective coupling constant becomes larger than 1. Beyond this point, perturbative
QFT is useless, so if confinement is part of QCD, it is a non-perturbative effect. Numerical simulations
of the non-perturbative regime indicate that confinement does indeed occur, but this can not be
considered absolute proof.

The energy scale at which the non-perturbative effects become important is called the confine-
ment scale, and is denoted by Agcp ~ 200MeV . It is expected therefore that the size of composite
particles made of quarks should be approximately Aé}} p- Indeed, this gives a length scale ~ 10~ %m,
which is roughly the size of the proton.

Closely related to confinement is another postulated feature of QCD referred to as the mass gap.
A theory is said to exhibit a mass gap if there is a non-zero lower bound to the masses of physical
states in the theory. It is believed that QCD has a mass gap because of confinement. If coloured

4The fact that Y stands for hypercharge can be considered a quantum spelling anomaly.
5n* is used if the representation corresponds to the complex conjugate of the ‘usual’ n-dimensional representation.
6We are talking about the strong force only here; the electromagnetic interaction is strong at short distances.



particles are confined by the strong force, there is an associated energy that should be of order Agep.
This manifests as the mass of the composite particle.

It is important to realise that because QCD has a non-Abelian gauge group, the gluons carry
colour, and as such, because of confinement, cannot propagate freely. It is believed that massive
bound states of gluons exist, called glueballs, although these have not been conclusively detected
yet.

2.3 Spontaneous symmetry breaking

To understand spontaneous symmetry breaking, we first need to recognise a general feature of pertur-
bative quantum field theory. In constructing Feynman diagrams, and the corresponding amplitudes,
directly from the Lagrangian, we are implicitly expanding around the point in Hilbert space where
all fields have vanishing expectation value. This is only legitimate if the corresponding point in clas-
sical field space is stable. Intuitively this is obvious; canonical quantisation amounts to ‘quantising’
the oscillations around a classical stable point. At an unstable point, some perturbations will not
result in oscillatory behaviour, but instead will grow exponentially. For a detailed discussion of these
issues, see [5]. In general, there will be some set of points in field space that correspond to the global
minimum of energy. This set is known as the vacuum manifold”, for any such point constitutes a
possible quantum vacuum state. Ordinarily, the vacuum manifold consists of the single point where
all fields vanish. In the case of spontaneous symmetry breaking, this is not the case.

Suppose we have a theory with gauge group G, and a scalar field ¢ in some non-trivial repre-
sentation of G. We will see from examples that it is easy to write down a gauge-invariant potential
V(¢) such that the point ¢ = 0 is unstable. The vacuum manifold will then be some set of points
where ¢ # 0. Choose some point p from this set to correspond to the quantum vacuum. ¢ is in an
irreducible representation, so the group H < G which leaves p invariant will be a proper subgroup.
Therefore if the vacuum of our universe corresponds to the point p, we will only observe the smaller
symmetry described by H. We say that the symmetry has been broken from G to H.

A fact that is often useful is that if we write g = exp(—iT), where T is in the Lie algebra of
G, then g fixes the point p if and only if T - p = 0. Thus a subgroup is unbroken if and only if its
generators annihilate the vacuum. Often the terms broken and unbroken generators are used.

It is important to remember that the symmetry of the full theory is still G. It is the vacuum
that has a smaller symmetry group, and it is for this reason that only a reduced symmetry would be
directly observed in nature. The term hidden symmetry is sometimes used in this context.

Consider an element g € G that does not fix p. Because the potential is G-invariant, the point
g - p must have the same energy as p. In other words, it is another point of the vacuum manifold. In
this way, the vacuum manifold can be generated by the ‘broken’ elements of G, and we can see that
topologically, it is the coset space G/H.

We will see more features of spontaneous symmetry breaking when we discuss the particular
breaking that occurs in the standard model.

2.3.1 Breaking the electroweak symmetry of the standard model.

In the case of the standard model, we need to break the symmetry to SU(3) x U(1)q, which is the
unbroken gauge symmetry observed in nature. To do this we introduce the Higgs field ¢, which
is a complex scalar field in the representation (1, 2, +1). It is important that ¢ be a singlet under
SU(3), because this guarantees that colour symmetry will not be broken. ¢ is an SU(2) doublet, so
we write it in terms of its four real components as,

¢_L< 1+ 12 )
V2 \ 93 +ida

We need to introduce a gauge-invariant potential such that ¢ = 0 is unstable. Explicitly, the Higgs
Lagrangian is taken to be,

$) D¢ —V(9)
¢) D¢ — A(¢'¢ — v?)°

Liggs = (
(

With A > 0, we can see that the classical minimum of the potential occurs when |¢| = v, whereas
¢ = 0 sits on top of a potential ‘hill’. Therefore any stable classical solution must have |¢| = v. In

D,
Dy

"In all cases of interest, it will be obvious that this is indeed a manifold.



the quantum theory, this means that the Higgs field has a non-zero vacuum expectation value
(VEV). We can perform an SU(2) x U(1) transformation such that,

¢05<¢>:<2)

We have achieved the required symmetry breaking! To verify this, recall that Q = Is + % It follows
that @ - o = 0, and this means the electromagnetic gauge group has remained unbroken. It is easy
to check that no other generators of SU(2) x U(1) annihilate the above VEV.

It is perturbations around ¢o that appear in the quantised theory, and thus correspond to the
particles we might actually detect. As such, we re-write the Higgs field as,

o= (i)

Re-writing the Lagrangian in terms of o instead of ¢3, we see something interesting; there are now
mass terms for the gauge bosons corresponding to the broken generators. This is a generic feature of
spontaneous symmetry breaking. As might be guessed, a mass term for a vector particle is m?A, A*;
it can be verified that the masses generated by symmetry breaking are proportional to v.

Spontaneous symmetry breaking using the Higgs field generates the required masses for the W
and Z bosons, and detailed calculations even yield the experimentally observed ratio of these masses.
This is an extraordinary achievement of the theory®. Note that the photon remains massless, as the
electromagnetic U(1) group is unbroken.

2.3.2 Fermion masses

We have seen that spontaneous symmetry breaking generates the required masses for the weak
gauge bosons, and it turns out that it can also generate masses for the standard model fermions. For
example, the following gauge-invariant term is added to the standard model Lagrangian,

Aefroer + h.c.

where )\ is a dimensionless constant, and h.c. stands for ‘Hermitian conjugate’. After spontaneous
symmetry breaking, this term splits into two parts, one of which is Acverer+ h.c. This is just a mass
term for the electron, corresponding to mass A.v. Masses can be generated for the quarks in the
same way (the complex conjugate ¢° of the Higgs field must be used for the up quark mass term).
The Yukawa coupling constants, such as A., are chosen to produce the experimentally measured
masses. Thus the standard model does not predict the masses of fermions; they must be put in as
parameters.

3 Grand Unified Theories

The standard model is in excellent agreement with a large range of experiments. Even so, we know
it cannot be the ultimate theory of nature. For example, it contains no explanation for the existence
of dark matter, and does not deal with gravity at all. So we know that we must eventually go beyond
the standard model if we are to understand how the universe works at the most fundamental level.
This motivates the study of theories which extend on the standard model, sometimes simplifying
certain aspects of it at the same time.

One possibility along these lines is to consider a gauge theory with a single simple gauge group
(as opposed to the product of three such groups that the standard model uses), which contains the
standard model as a subgroup. This means, for example, that there is only one gauge coupling
constant, instead of three. It also means we can fit more particles into a single representation of the
group (see below). Such a theory is referred to as a ‘grand unified theory’ (GUT). The two most
commonly considered unification groups are SU(5) and SO(10).

8The Z boson had not even been discovered experimentally when electroweak theory was first proposed.



3.1 SU(5) unification

The most important GUT for this project is the one with gauge group SU(5). The standard model
gauge group is contained in SU(5) via the embedding ¢ : SU(3) x SU(2) x U(1) — SU(5) given by:

s ] 620

o(V,U,e") = X e??

v

We need to put the standard model fermions into representations of SU(5) such that the induced
representations of SU(3) x SU(2) x U(1) are those of the standard model. It turns out that two
irreducible representations of SU(5) — the 5" and the 10 — are enough to contain all the standard
model fermions in this way. The 5" is the conjugate of the fundamental representation, and the 10 is
the anti-symmetric rank 2 tensor. The standard model particles are assigned to these representations
as follows [4]:

5" ((dﬂac (dgr)® (dvr)‘ eL ”eL)

0 (wr)®  (—ugr)® urr drL

1| Gwer) 0 (wr)® wugr dgr

10: — (ugr)®  (—urr)” 0 uprL  dbr
V2 —UrL —UbL —UgL 0 62
—drr, —dbL —dgL —ez 0

where subscripts L, R stand for left- and right-handed, r, g,b stand for red, green, and blue, and a
superscript ¢ indicates the charge-conjugate wavefunction, ¢ = iv%)*. Note that charge conjugation
also changes the chirality. It should at least be obvious that the fields in the 5* transform as they
should under SU(3) x SU(2) x U(1).

What about the gauge bosons of the theory? As always, they are in the adjoint representation
of the gauge group, which in the case of SU(5) is 24-dimensional. This breaks down under SU(3) X
SU(2) x U(1) as,

24— (8,1,0)0 (1,8,0)© (1,1,0)® (3,2, ~2) © (37,2, 2)
We can identify the first three representations here with the gluons, the W bosons, and the B boson
respectively. The last two correspond to the other SU(5) gauge bosons, usually referred to generically
as the X gauge bosons.

The X gauge bosons lead to a richer phenomenology than is exhibited by the standard model.
For example, they mediate processes in which quarks change into leptons, and this makes the proton
unstable. This is not catastrophic for the GUT idea, because experiments only set upper bounds on
the proton lifetime. There are ongoing experiments to search for evidence of proton decay which are
motivated by, among other things, theories such as the SU(5) model just presented.

3.1.1 Symmetry breaking in the SU(5) model

The unified picture provided by SU(5) is theoretically attractive, but we don’t observe SU(5) sym-
metry in nature, so if it exists, it must be spontaneously broken. The easiest way to break the
symmetry to the standard model group is to introduce a scalar field in the adjoint representation of
SU(5). With an appropriately chosen potential, the vacuum expectation value of such a field breaks
the symmetry to that of the standard model.

For a realistic description of the world, the usual electroweak symmetry breaking also has to
be incorporated in the model. This can be done with a Higgs field in the 5 representation, which
contains a (1,2, +1) under the standard model group.

The symmetry breaking must be arranged so that SU(5) — SU(3) x SU(2) x U(1) happens at a
very high energy scale. This gives correspondingly large masses to the X bosons, which explains why
they haven’t been observed. The second stage of symmetry breaking occurs at the electroweak scale
of the standard model. The disparity between the two mass scales is unnatural, and maintaining it
requires delicate fine-tuning of the mass parameters in the theory. This is referred to as the gauge
hierarchy problem.
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4 Extra Dimensions and Branes

In recent years, many theories of particle physics have incorporated extra spacetime dimensions in one
way or another. String theory and M theory require 10 or 11 dimensions for a consistent formulation,
while numerous phenomenological models exist with one or more extra spatial dimensions. Here we
review the aspects of these models relevant to this project. For extensive reviews, see [6], [7], and
for a detailed analysis of the phenomenology of such models, see [8].

4.1 Kaluza-Klein theory

The first time that extra spacetime dimensions were seriously suggested in a physical theory was in
the 1920s, in the context of what is now called Kaluza-Klein theory. Following Einstein’s successful
description of gravity in terms of spacetime geometry, it was thought that perhaps electromagnetism
(the only other force known at the time) could be described similarly. Such a model was put
forth by Theodor Kaluza. The crucial assumption of the theory is that spacetime has one extra
spatial dimension. If spacetime transformations are restricted to be four-dimensional, so that z* —
2" (z"), p=0,1,2,3, * — 2" = 2*, then the entries g,., u,v = 0,1,2,3 in the five-dimensional
metric behave like a four-dimensional metric. The entries g.s4 transform like an ordinary four-
vector, which is taken to be the electromagnetic potential A,,. Under certain assumptions about the
metric, electromagnetic gauge transformations can be realised by coordinate changes z'* = z#, z'* =
zt 4+ f(zP).

Taken at face value, the theory seems unrealistic, because it requires an extra spatial dimension.
But it was soon realised that this is not an insurmountable problem. The argument is that if the
fifth dimension was described by a circle (so that the topology of the universe is R* x S*), then it
may not be observable if the radius R of that circle is very small. On scales significantly larger than
R, the three-dimensional Gauss’ law would still hold, for example, because at distance R from the
source, the flux would fill the fourth spatial dimension, and beyond that only dilute in the three large
dimensions. We say that the extra dimension is ‘compactified on a circle’. This line of reasoning is
credited to Oskar Klein, and ‘Kaluza-Klein theory’ usually refers to the five-dimensional theory with
the extra dimension compactified as above.

4.2 Dimensional reduction

Let’s examine the consequences of the Kaluza-Klein extra dimension in the context of field theory.
For simplicity we will consider a free real scalar field of mass m (we really mean that the spectrum
of the quantised theory consists of particles of mass m), described by the Klein-Gordon action:

S— % /d4x/dy (O™ & — m?3?)

where y labels the extra dimension, and M is a five dimensional Lorentz index. This describes a theory
living in all five dimensions, but if R is very small, we will only be aware of four dimensions. Obtaining
the effective four-dimensional theory from the full theory is known as ‘dimensional reduction’, and
proceeds as follows:

Isolate the extra-dimensional dependence of the field by writing it as a Fourier series in y:

1 =1 n n
d(z",y) = ——=¢o + —[n:c”cos(—)—&—;:c“sin(—)]
(#",9) = 5o ;ﬁ¢() 7Y) + on(@)sin( 2y
Notice that all y-dependence of ® is now contained in the fized trigonometric functions. Performing
field variations amounts to individually varying each ¢ and ¢’. As such, we can perform the y-integral

explicitly without losing any information from our theory. Here we simply quote the result, which is
easily obtained:

2
S= % / d4x{5ﬂ¢05“¢0 —m’¢; {%maf‘m - <m2 + %) ¢i]

+ D
n=1
o0 2

+ 3 |oushors - (w4 1) ¢:$]}
n=1

This now has a very straightforward interpretation. The first two terms describe a four-dimensional
scalar with the same mass as the five-dimensional particle. The two infinite summations describe
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a doubly-degenerate spectrum of scalars with mass-squared of m2 = m? + ;,—z. So excitation of
the higher modes to which these correspond would appear in four dimensions to be the creation of
particles of mass m,. If R is very small, these masses will be extremely large even for n = 1, so in
most circumstances we will only observe the ‘zero mode’ ¢g.

An equivalent approach, which is applicable to more complicated extra-dimensional models, is to
write:

O(at,y) =D mn(y)dn(a")

and demand that each ¢, is a 4D scalar field, so that 8“d,én + m2¢, = 0. This leads to an
equation for 7, depending on m,. This is treated as an eigenvalue equation, with eigenvalues m.,
and eigenfunctions n,, and the spectrum of the 4D theory is derived in this way. Essentially, what
we did above was ‘guess’ the right form of the functions 7.

4.3 Large extra dimensions

More recently, the Kaluza-Klein idea has been extended to include the possibility of multiple, rea-
sonably large extra dimensions [9]. The main motivation for this is to try to solve the ‘hierarchy
problem’, which refers to the fact that standard model parameters have to be fine-tuned to approxi-
mately one part in 10'7 [10] to ensure the electroweak mass scale® mew is as low as we observe. The
problem arises because the fundamental Planck mass Mp; is so large compared to mew. In natural
units, Newton’s gravitational constant G is given by G = #h, so the question over this hierarchy
is sometimes phrased as “why is gravity so weak?”

Consider the gravitational field of a point mass m. In a four dimensional universe the strength g

of this field at a distance r is given by:
1 m

T MZ 2
Now suppose our universe has N extra dimensions, and a fundamental mass scale M™*. Then we
would expect the above to be replaced by,

9

. 1 m
9= M#*2+N p2+N
But if the N extra dimensions are each compact, say of ‘size’ R, then when r > R, they become
saturated - the flux can dilute no further in those dimensions. Of course, it spreads out as normal in
the three large dimensions, so if RV is used as the volume of the extra dimensions, the field strength

at r > R is,
. 1 m
9= j2+nN RN 2
Comparing this with the familiar four-dimensional law, we see that,

M12:>l _ M*2+NRN

If R is big enough, we can have M™ ~ mgw and still produce a huge four-dimensional Planck mass,
thus solving the hierarchy problem.

4.3.1 Branes

Of course, if the extra dimensions are ‘large’ as suggested above, we have to explain why they haven’t
been observed in particle physics experiments, which probe very small length scales. One approach is
to notice that gravitational experiments alone put quite weak bounds on the size of extra dimensions;
the 715 form of Newton’s law has only been tested down to scales of about .2mm. We can postulate
that the extra dimensions are of order < .lmm, but that all fields except gravity are confined to a
(34+1)-dimensional submanifold of the full spacetime. This is dubbed a ‘brane’ —short for membrane.
Another possibility is explored in [11]. Roughly speaking, gravity is trapped on one brane, and
standard model fields on another. The effective (3 + 1)-dimensional masses of the standard model
fields are then exponentially smaller than the mass parameters in the (4+ 1)-dimensional theory, and
this explains the smallness of mgw. In theories with branes, the full spacetime is usually referred to
as the ‘bulk’.

Putting such infinitely thin branes into the theory ‘by hand’ is unattractive from a field-theoretical
point of view, so it is desirable to develop mechanisms by which fields can be dynamically localised
in brane-like configurations. This is the focus of this project, and we will have more to say about it
soon.

9This can be taken to be eg. the mass of the W boson.
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4.4 Non-compact extra dimensions

In the previous sections we argued that extra dimensions have to be compactified to yield an effective
four-dimensional theory. We made one crucial assumption though, without stating so explicitly - we
assumed that the background metric was that of five-dimensional Minkowski space. In recent years
it has been shown that if this assumption is dropped, an effective four-dimensional theory can be
obtained from a five-dimensional theory with an infinite extra dimension.

In their paper [12], Randall and Sundrum demanded only four-dimensional Poincaré invariance
of the universe, by taking as a metric ansatz,

ds® = e 27 Wy, datdz” — dy?

e~2°W) is usually referred to as the ‘warp factor’, and the solution found is such that it decreases
rapidly away from y = 0. All fields other than gravity are placed on a brane at y = 0. Note
that this theory has a very different structure to anything we’ve discussed so far. In particular, if
spacetime was a product X XY of two (possibly pseudo-)Riemannian manifolds X and Y, with metrics
ds% = gxuvdz’dz” and dsi = gy, dy”dy”, then the spacetime metric would be ds? = ds% + ds%.
This is not the case in the Randall-Sundrum model, because the (3 + 1)-dimensional part of the
metric depends on the extra dimensional coordinate.

One technical point of interest is that the existence of the solution found depends on a fine-tuning
between the five-dimensional cosmological constant and the energy density of the brane, called the
brane tension.

When fluctuations around the above metric are considered!®, a sensible four-dimensional action
can be obtained by dimensional reduction. The spectrum of this theory is qualitatively different to
the Kaluza-Klein case though. Again, there is a single zero mode, which corresponds to a massless
four-dimensional graviton, but the fact that the extra dimension is infinite changes the structure of
the excited modes. In fact, where before the four-dimensional masses formed a ‘tower’ of discrete
values, here we get a continuum of values, starting at m = 0. Usually this would spell trouble for
the effective four-dimensional theory (an infinite number of particles of slightly different masses, but
otherwise identical), but in the warped background, it turns out not to be a problem. The warp factor
means that the continuum modes make an insignificant contribution to four-dimensional physics. In
fact, the usual Newtonian potential is replaced by,

V(r) = G@ (1 + L)

r2k2

where k is a very large energy (remember in natural units energy is the same as inverse length). The
second term is the correction due to continuum modes, and is only significant for very small values
of r — smaller than those at which the % behaviour has been tested. The detailed analysis leading to
the above conclusions can be found in [12].

4.5 Dynamical localisation

The Randall-Sundrum model realises localisation of gravity, yielding an effective (3 4 1)-dimensional
theory in the context of an infinite extra dimension. We now need to discuss field-theoretic methods
by which the standard model fields can also be localised in such a model, instead of being artificially
confined to a ‘brane’.

4.5.1 Fermion localisation by a kink

There is a well-known mechanism for confining fermions to a brane-like object, which goes back
to work of Jackiw and Rebbi [13], and was originally used in the current context by Rubakov and
Shaposhnikov [14].

We start with a theory containing a single scalar field ® in 4+1 Minkowski spacetime. We demand
that the theory be symmetric under the Z, transformation & — —®. The resulting Lagrangian is,

L— %an»aM@ CA@ — 0?2

10When quantised, these modes yield gravitons. Although there is no accepted theory of quantum gravity yet, Newton’s
law can be derived from an exchange of gravitons in Minkowski space, so this is a sensible approach to studying the effective
four-dimensional gravity in the theory.
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where A and v are positive constants. The sign of the ®2 term has been chosen so that the Zs
symmetry is spontaneously broken. The equation of motion resulting from the above is,

OmOM® 4+ AND (B — v?) =0

This equation has stable solutions ® = +wv, analogous to the symmetry breaking in the Higgs model
discussed earlier. In this instance though, we are interested in a more complicated possibility. If we
consider the case where ® depends only on y, we find the solution,

® =vtanh(ay), a=V2\

This solution is well known, and is called a kink, because of the shape of its graph. Notice that as
y — Fo00, & — +w; the field interpolates between its two vacua. It is an example of a topological
defect called a domain wall, and we will try to identify the centre of this wall (Jy| ~ 0) with our
four-dimensional universe.

We now introduce a fermion ¥ into the theory. The Lagrangian becomes,
1 — —
L= 50M<1>8M<1> —A®% — )2 +iUTM Oy U 4+ hOT T

The gamma matrices T'™ can be taken as T# = y#, T* = —iy%, where the +’s are the familiar Dirac
matrices. h is a constant. We take a kink-like solution for ® that interpolates between v, and look
for the corresponding form of W. The Dirac equation that follows from the above is,

iT™ 8y, T + hdT =0

We look for a localised zero-mode by writing ¥(z*,y) = f(y)¥(z*), and requiring v to satisfy the
massless 4D Dirac equation v#0,1% = 0. Then the above reduces to:
df s
—° h®fp =
i Y+ h®fp =0
From this we see that the solution will depend on which chirality we take for the four-dimensional

fermion 1. Let 4%t = e, € = +1. Then we can cancel ¢ from the above equation, and find the
solution for f:

fly) e—ch [dy®(y)

For a right-handed fermion ¢ = 1, and f(y) decays exponentially as |y| — oco. We can substitute
this solution back into the action and perform the y-integral, thereby obtaining a four dimensional
action for . So right-handed fermions are localised in the domain wall*!.

4.5.2 Gauge bosons

Of course, fermions are not the only dynamical fields in the standard model. There are also gauge
bosons, which are spin-1 particles. There have been several suggestions for mechanisms by which
they can be localised, but none yet that have been widely accepted. Here we introduce two that are
relevant to this project.

Dilaton-mediated localisation

Kehagias and Tamvakis suggested a model in which photons are localised in a Randall-Sundrum-like
background via coupling to a scalar field called a dilaton [2]. In the photon kinetic term, Fy, F*" is
replaced by e™*™F,, F*¥ where 7 is the dilaton. Analogously to what we did above with the kink,
a solution is found for 7 by ignoring the coupling to the photon. This solution allows dimensional
reduction of the photon action, yielding the usual four-dimensional theory, plus corrections from
massive Kaluza-Klein modes (which actually have a continuum of mass values, because the extra
dimension is infinite).

M'We can choose to localise left-handed fermions instead, by changing the sign of h, or taking the alternative solution
®(y) = —v tanh(ay).
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The Dvali-Shifman mechanism
A completely different approach is given by Dvali and Shifman in [1]. The idea relies crucially on hav-
ing a gauge theory that exhibits the inherently quantum-mechanical phenomenon of confinement!?,
and an associated mass gap. As an example, they present a toy SU(2) model. Two scalar fields are
employed such that SU(2) is broken to U(1) on a domain wall. They argue that in the bulk, the
SU(2) symmetry is unbroken, so the theory should exhibit confinement, with some characteristic
mass scale A. Because U(1) is unbroken, its gauge boson remains massless, and thus at energy scales
less than A, should remain trapped on the wall.

Note that this is a (3+1)-dimensional model, with a (2+41)-dimensional domain wall. It generalises
to any number of dimensions, but for now we’ll stick to 3 + 1. The theory contains a scalar field
X in the adjoint (triplet) representation of SU(2), and another scalar n which is uncharged under
SU(2)". The Lagrangian is,

£=—Lge gy [(D ) D# ] + Loumorn — X
4g2 M nX X| T 50umomn — 5

(Tr [Xz] NI R 2 772)2 _ )\(772 _ v2)2
where G, is the field strength tensor, g is the gauge coupling constant, v and & are mass parameters
taken to be much larger than the confinement scale A of the SU(2) theory, and A, A’ are positive
dimensionless constants.

The argument proceeds as follows. The classical minimum of the above potential will have
n~wvor —v, and x = 0. The SU(2) symmetry is unbroken, because 7 is a singlet under SU(2).
But if we ignore initially the coupling to x, we know that n has a static kink solution, interpolating
between v and —v at eg. y = *oo. Thus a domain wall is formed around the plane where n = 0. We
expect a similar solution to persist when the coupling to x is turned on.

Consider the potential inside the domain wall. If v> > k%, then when n ~ 0, x = 0 is longer a
minimum. Hence we expect x to develop a non-zero value inside the wall, breaking SU(2) to U(1).

We can be a little more rigorous than this, following the reasoning originally presented in [15].
The equations of motion are satisfied if x is identically zero and 7(y) = v tanh(my) is a kink, where
m = v/2Xv. But a sensible quantum theory can only be built on a stable classical solution [5]. To
investigate stability, we consider a perturbation of the third component of x. Let ys = exe **,
where we assume that x is a function of y only. Keeping only terms of first order in €, the equation
for x is:

2 Moo 2 12 - 2.
[—8_y2 + ?(/{ + v (tanh”(my) — 1))] X =w'x
Notice that this is just a time-independent Schrédinger equation. With « = 0, the potential is
negative definite, and there is known to be a negative-energy bound state solution. By continuity,
such a solution exists for some range of non-zero x. But the ‘energy’ here is w?, so negative energy
means w is imaginary, and thus our perturbation grows exponentially with time. Therefore the
solution we started with is unstable, and the stable classical solution must have non-zero x.
This set-up is based on earlier work done by Witten [15] in the context of cosmic strings.

5 Fields in Curved Spacetime

In light of the successes of the dynamical localisation paradigm, we are in a position to consider
constructing a 5D model which yields an effective 4D theory for gravity, fermions, and gauge bosons,
all dynamically localised. We immediately encounter a new complication.

The standard treatments of field theory apply only in Minkowski spacetime. This is usually a
good approximation, because only in exceptional circumstances is spacetime curvature large enough
to be important. Unfortunately, the spacetime of Randall and Sundrum is inherently curved, so we
must address the issue of how to describe fields in a curved background spacetime. This would be
relatively straightforward but for the existence of fermions. The reason is that bosons are described
by tensor fields, which are easily handled on any manifold, but fermions are described by spinor fields.
The incorporation of such fields into a curved background requires a slightly different formulation of
general relativity, which has the added advantage of demonstrating that it can be considered as a
gauge theory, with gauge group the Lorentz group. Therefore this initially annoying diversion turns
out to be quite interesting in its own right.

2Earlier we discussed confinement in the case of QCD. In fact it should be a feature of a general class of non-Abelian
gauge theories, including the presente one, and the SU(5) theory presented later.

13[1] actually has two fermion doublets as well, but we ignore these here as they don’t affect the features we are interested
in.
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5.1 Gravity as a gauge theory

This section does not constitute a review of general relativity. It merely presents a different approach
to general relativity to those who are already familiar with the theory. This is necessary for describing
fermions in a curved spacetime, which don’t fall under the usual formalism as spinor fields are non-
tensorial. For generality we work in an (n 4 1)-dimensional spacetime.

The physical principles behind general relativity can by summarised by the following two assump-
tions:

1. Gravity is the manifestation of the fact that spacetime is not flat. The presence of matter
changes the geometry of spacetime, and free test particles follow geodesics in this geometry.

2. For a free-falling observer, the laws of special relativity hold locally.

A reference frame in which a free-falling observer is at rest will hereafter be referred to as a ‘lo-
cally inertial’ frame, to remind us of point 2. We can translate these two physical principles into
mathematical statements:

1. The effects of gravity are encapsulated in the spacetime metric g,...

2. At each spacetime point X, there exists a reference frame in which:

g (X) = nuw
Opgu(X) = 0

If we denote by {£%} the coordinates for which statement 2 holds, then in a general coordinate
system with coordinates {z*} we will get:

9Eg 0%
gun(X) = GX S )

Conversely, if (2) is satisfied, then {£%} are locally inertial coordinates at X. Motivated by the

above, we define an n-tuple of objects {VOW LV by V(X)) = %. Collectively, these are
known as the vielbein (usually vierbein or tetrad in 3 4+ 1 dimensions). We will now examine some
of the properties of the vielbein.

First notice that if the coordinate system determined by {£*} is locally inertial at X, then so is
any coordinate system related to it by a Lorentz transformation. In other words, if A is any Lorentz
transformation, then £'* = O‘ﬁfﬁ will also satisfy the requirement (2). This is as we should expect —
we postulated that special relativity should hold locally, and special relativity is Lorentz invariant.

So there are two distinct types of transformation we need to worry about: general coordinate
transformations, which affect the coordinates on some open subset of the spacetime manifold, and
local Lorentz transformations, which affect the locally inertial coordinates at a point.

It is easily checked that under a local Lorentz transformation A, the vielbein transforms according
to the rule V9, — A“ﬁVﬁu. So for fixed p, V', transforms like a flat-space four-vector under local
Lorentz transformations. We refer to a as a ‘flat-space index’, or simply ‘flat index’.

Similarly, under a general coordinate transformation z — &'(z), we get: V¢, — %V‘ﬁ,. So
for fixed a, V', is simply a covariant vector field (a one-form). p is referred to as a ‘curved-space
index’, or ‘curved index’.

By definition, we raise and lower flat indices with the flat-space metric 7, and curved indices with
the spacetime metric g. Using this we can easily prove the following useful results:

VOV, H =685 = VauVs" =1Tap
VeVLY =6 = VVaw = g

The correct interpretation of the vielbein is that it represents a smooth choice of an ‘orthonormal
frame’ (an orthonormal basis'? for the tangent space) at each point. Given any vector field T', we
can use the vielbein to obtain its components in the locally inertial coordinates:

T = Ve.T" T =V, ",

and similarly for tensor fields of any rank. These components are unaffected by general coordinate
transformations, but transform ‘as usual’ under local Lorentz transformations.

How are we to incorporate derivatives into this framework? The reader may initially think that we
have done away with such things as the Christoffel symbols, because in a locally inertial coordinate

4Because of the Lorentzian signature, we cannot find a basis for which < Vj, V3 >= o3, so we take ‘orthonormal’ to
mean < Vo, Vg >=1ag3.
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system, these vanish. This is too hasty however; the information usually carried by the Christoffel
symbols is now encoded in the way the vielbein rotates as we move around in spacetime. In a
general coordinate system, these details will be contained in the covariant derivatives of the vielbein
itself. Because the vielbein constitutes a basis at each point, there exist co-efficients wap, (called
connection coefficients) such that,

DV = wap Ve

This yields the formula which in practice is usually used to calculate the connection coefficients for
a vielbein given in a particular coordinate system:

Wagp = Vo "DuVay

It is easy to show from this that wag, = —wgayu. This is not a coincidence. The generators of the
Lorentz group are 4 x 4 matrices aaﬁ satisfying ang = —aga where ang = na.ya'yﬁ. In other words,
each matrix w;, (with components w®s, = 7*"w,s,) belongs to the Lie algebra of the Lorentz group.
We can choose a basis {E“ﬁ} for the Lie algebra such that nE“ﬁ has 1 in row-«, column-3, and —1
in row-0, column-c, with zeroes elsewhere!®. Notice then that E*8 = _pPf« (remember that each
value of the indices denotes an entire matrix, not an entry in a matrix). For example,

0 1 0 0
-1 0 0 O
T]EOI — 0 0 0 o _ —nElO (3)
0 0 0 O
In this basis, we have,
1 B

Wy = §wa5ME

The factor of 1/2 comes about because we double count by including E*# and EP®. We can now
define a covariant derivative that transforms ‘correctly’ under local Lorentz transformations. For a
vector field 7% =V, 'T # the covariant derivative of its flat space components is given by,

DI = 0,17+ T

- 1 o -
o.T% + gwasu(E N T

where we have used the Leibniz rule, and wﬁw = nﬁ‘sw(gw. This is a rather daunting array of indices,
but if we suppress them, we see that we really just have the familiar gauge-covariant derivative:

DT = (9, + %wu BT
Of course, we can use the vielbein to re-write this with all flat-space indices:

D, T? = V,"D,T"

~ 1
Vo M(0,T° + S E°T°%)
It is easily verified that under a spacetime-dependent Lorentz transformation A, w, transforms
exactly as required by gauge theory:
Wy — Aw A4 (B, M)A
In summary, a curved background spacetime can be incorporated into field theory by starting with

the flat-space Lagrangian and making the replacement 0o — Do = V,, *D,, where D, will depend
on which representation of the Lorentz group is being considered.

5The fact we have to multiply by n might be confusing. Really it just compensates for the Lorentzian nature of the
spacetime metric.
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5.1.1 Spinors and the spin connection

We can see that fermions are easily incorporated into this framework by following the familiar gauge
theory prescription. The usual Dirac Lagrangian is invariant under (global) Lorentz transformations
of Minkowski space. To incorporate gravity, we simply gauge this Lorentz symmetry ie. we replace
0,7 in the Dirac Lagrangian with some suitable ‘covariant derivative’ D,. Let’s work out what D,
should be.

From the theory of the Dirac equation, we know that under an infinitesimal Lorentz transforma-
tion given by A”; =875 + Leap(E*?)7;, a spinor transforms as,

L .
¥ — (14 Jeasy™7")¥

In other words, the spinor representation of the Lorentz group is given by E** — %7“75 . This

is what we need to find D,. We already derived the expression for the covariant derivative of a
vector field, and spinors simply correspond to a different representation. So replacing E°P with their
spinor-space analogues, we get the spin-covariant derivative,

1 «
Dyup = (Ou + ZwaBMV VB)"/}
wy = iwaﬁufy“fyﬁ is the spin connection form (it is actually a matriz of one-forms), or just ‘spin
connection’.
Therefore the free Dirac Lagrangian in a general spacetime is given by,

['Dirac = Za’YQ Doﬂ/)
— 1
= WY Vo " (Ou + qwssny ")
where the «’s are the usual flat-space Dirac matrices. This can also be written as,

— 1 o
[:Di'rac = “/}'Y‘L(ap‘ + Zwaﬁu'y ’Yﬁ)qp
where the curved-space gamma matrices are given by v* = v*V,, * and generate the Clifford algebra
associated with the spacetime metric g..: {y*,7"} = 2¢"".
For a more rigorous mathematical formulation of the above ideas in terms of associated vector
bundles, see the book [16].

6 The Dilaton Mechanism

We remind the reader that we change our metric convention for this section.

In [2], methods are given for separately localising fermions and (Abelian) gauge bosons in the
context of a Randall-Sundrum-like spacetime. The former are still localised by the familiar coupling
to a kink, while a different scalar field, the dilaton, is required to localise the latter. If w represents
the dilaton, localisation is achieved by multiplying the usual gauge-kinetic term by e ~%™ and finding
a classical solution for 7 which allows for sensible dimensional reduction to be performed.

The first step towards building a realistic theory using this idea is to localise fermions and gauge
bosons simultaneously, which was not done in [2]. This raises the question of whether the dilaton
mechanism can be used to localise both types of particles. This would be desirable for future
generalisation of the model to a fully interacting theory with non-Abelian gauge fields'®.

So we decided to start with the exact solution of the kink-gravity-dilaton system given in [2], and
see if fermions could be localised by the dilaton in the same way that gauge bosons are. There is one
minor technical point to be made here:

Usually, the kinetic term for a fermion can be taken to be —a@FADA\I/ + b(DAT)FA\I/ for any
a and b such that a + b = 1. This is because any two such Lagrangians differ by a multiple of
DA(TFA\I/), and as such are equivalent. In our case though, we want to multiply the kinetic term
by another field. The equations of motion will then depend on which values of a and b are chosen.
The most natural choice is the ‘symmetric’ one with a =b = %7 so this is what we used'”.

16 After dimensional reduction, wavefunctions and coupling constants must be (finitely) renormalised to obtain the cor-
rectly normalised four-dimensional action. If fermions and gauge bosons are localised by different mechanisms, we are likely
to end up with a different effective gauge coupling constant for gauge boson self-interactions than for gauge boson-fermion

interactions, and this is ruled out by experiment.

7Notice that if we make the usual choice a = 1,b = 0, the equation of motion for ¥ is not affected by the presence of

the dilaton.
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6.1 A model with dilaton-fermion coupling

We are using the kink-gravity-dilaton solution of Kehagias & Tamvakis [2] as a classical background
for our model. Thus we have the metric,

24()
_ € Nuv 0
Gun = ( 0 2BW) )

and scalar fields n, 7 (n is the field which forms the kink, and 7 is the dilaton), where,

n(y) = v tanh(ay)
A(y) = 4B(y) = —p [log(cosh®(ay)) + § tanh?(ay)]
m(y) = V3M33 [log(cosh2 (ay)) + %tanh2 (ay)} = %

M is the fundamental mass scale of the theory, and a, v are positive parameters. We want to localise
fermions via the same dilaton mechanism that localises gauge bosons, so we employ the same coupling
of 7 to the kinetic term, to get the fermion action,

Sp = /d41: /dy\/—G%e*K” {—@FADA\D + (DA@)FA\II}

o A . . . . . a_ _« 4 _ 5
where K = WAL and )\ is a dimensionless dilaton coupling constant. We have I'* = ~%, I'* = v

(the 7 are the usual 4D Dirac matrices) and Dy = VAM (Onm + war), with the vielbein VAM and spin
connection wys given by,

Vo= 5&;6*1‘\(?4)
Vit = §he PW

A'(Y) aw)— a 5
oy = 2( ) AW) B 5%y
wg = 0

If we vary ¥, we get,

35Sy

/d4:c /dy\/—G%e*K” {—WFADA\D + DA(W)FA\I/}

/d4:c /dy\/—Ge*K”aﬁ {—FADA\I’ + %DAwFA\I'}

where we have discarded the surface term that comes from D s (%efK “5@1“4\1/). Requiring 65y =0
then gives us the equation of motion for W:

T4D,0 — gDMr"‘\y =0

Note that because 7 is a scalar, we simply have Dam = V,M8dym. To search for a localised zero-
mode, let U(z,y) = f(y)y(z) where f is a scalar and 1) is a massless 4D fermion, so that v*9a% = 0.
Then the equation reduces to,

Krn'
2

(f'+2A’f— f) Y =0

where primes denote differentiation with respect to y. So regardless of the chirality of ¥, we require,

f+ <2A’— K;) f=0

This equation is easily solved:
f=Ce 24T

for some constant C. We have K7 = —%A7 S0,

f=CeDA
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6.1.1 Dimensional reduction

We want to know if we get an effective four-dimensional action for 1 from this solution. To do this
we need to integrate over y. Notice that all functions of y we have (A, B, f, w) are even, and that this
means their first derivatives are odd. If we disregard the integral of odd functions over the whole
real line, then our action reduces to,

Sf :/d4x/dy%63A+B€7Kﬂf2 {_E,ya aw_"_(aaa),y&w}

where we have substituted v/—G = e*4T5 and the extra factor of e~ has come from the vielbein
ie. TV, H = e~ 4614™. So to get a finite four-dimensional action, we require that,

/dy63A+B—K7rf2 < 50
Substituting B = 37 —Knr = %A as well as our solution for f, we get,

1 A A 3A
3A+B—Km 2 C2B+1H2)A(—4-3)A _ 2,
Notice that this is independent of \; we see that the dilaton fails to have any effect on the localisability
of fermions. Indeed, the form of A indicates that the above expression diverges as |y| — oo, so we
do not obtain an effective four-dimensional action.

6.2 Fermion localisation by a kink in a dilaton background

Because the above mechanism fails to localise fermions, we are forced to consider a model where
fermions and gauge bosons are coupled to two different scalar fields — a kink and a dilaton respectively
— in the hope to localise both simultaneously. The presence of the dilaton affects the gravitational
background, so this raises the question of whether fermion localisation persists in this case.

We assume the kink-gravity-dilaton background as above, and take the action for our fermions
to be,

S; = /d4x /dy\/—G {—EFADAW - hn@p}

The resulting Dirac equation is,
I“DsV + hyl¥ =0

As before, we investigate the behaviour of the zero-mode by writing ¥(z,y) = f(y)¥(x), and de-
manding that v*941 = 0. The resulting equation for f depends on the chirality of ¢ (remembering
that T = +°):

4+ A £ hneB)f =0 for vy = +¢
The solutions are,

v ’
fly) = Cexp <—2A(y) ¥ h/ dy'n(y")e"" ))
Y0

where C is a constant. The integral in the exponent is quite complicated, but we only need the

asymptotic form of f anyway, so there is no need to evaluate it explicitly. Inspecting the solutions
for 7 and B, we can see that as |y| — oo, 7 simply asymptotes to a constant, while eZ ~ cosh(ay)~2".

In turn, cosh(ay)™?° ~ e 28lvl 0. So f;ody'n(y’)eB(y/) — constant, and thus, independent of the

chirality of ¢, we get that f ~ e™2* as ly| — oco. In the same way as before, the condition for the
existence of the four-dimensional fermion is,

/dyea’”sz < oo

But B = %7 so the behaviour of the integrand as |y| — oo is,

3A+B ;2 3A+4 44
e2AtB2 L AT,

3A
= e 4

This clearly diverges, so the integral is infinite. Therefore, in the presence of the dilaton, the kink
fails to localise fermions. If a realistic theory is to be obtained, a different method must be utilised
to localise the gauge bosons, the fermions, or both.
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7 The Dvali-Shifman Mechanism

In section 4.5, we presented a different mechanism for localisation of gauge bosons, originally proposed
by Dvali and Shifman [1]. Their model has U(1) gauge bosons localised inside a bulk SU(2) theory,
but the idea generalises immediately to any gauge group G and appropriate subgroup H. One
approach that seems quite natural is to consider a grand unified theory in the bulk, with the symmetry
broken to the standard model gauge group on the wall.

In this section we find an explicit solution to the original SU(2) model, before presenting a more
realistic model of a bulk SU(5) theory in which standard model gauge bosons are localised on the
wall.

7.1 Breaking SU(2) to U(1)

The argument in [1] (reproduced in section 4.5) seems sound, but as far as we can tell nobody has
presented a solution with the required properties in the literature. We decided this would be a good
first step.

The potential used previously isn’t the most general quartic SU(2) X Zz-invariant potential for
this system. For completeness, we did work with the most general such potential, which can be
written'®,

V(n,x) = (en” = p)Tr(*) + MTr(X)) + X (" = o*)° (4)
where all parameters are positive. Note that the constants here are not the same as those in the
original Dvali-Shifman Lagrangian. In fact, they don’t even have the same dimensions, because we
are now working in five spacetime dimensions.

We want to find a stable static solution that depends only on y. Stability requires that our
boundary conditions (x = 0, = v as y — $00) correspond to the global minimum of the potential.
The following conditions are sufficient to guarantee this, and we will assume they hold from now on:

cv2—p,2>0 INN=E>0

We can simplify the mathematics using gauge freedom. The adjoint rep. of SU(n) consists of n x n
traceless Hermitian matrices 7, acted on by U € SU(n) via 7 — UrU'. We choose a basis {7;}
for n = 2 such that Tr(r;7) = $6;,"7, and write x = 23:1 x;7j- It is clear that we can perform a
gauge transformation to diagonalise x at each point. Thanks to the traceless condition, this leaves
just a single degree of freedom for x, usually labelled x3. When solving the equations, we will assume
that this is the only non-zero element of x. This line of reasoning explains why only perturbations
of x3 were considered in [1]. The equations that follow from the above are then,

d277 12 2 2
e = [4X' (n® — v*) + ex3)
d2
y yX; = s [Vé +en’ =417

and we impose the boundary conditions x3 — 0,7 — +v as y — Foo.

7.1.1 Numerical solutions and stability

Unfortunately, the equations above proved to be too hard to solve analytically, so we had to resort to
numerical techniques. In this way, we obtained solutions which have the correct qualitative features.
The program used was written in C, and implements the relaxation method. A brief overview is
given in appendix C.

For the sake of obtaining numerical solutions, it is best to non-dimensionalise the equations.
This was done by measuring all quantities in units of u raised to the appropriate power. This is
superficially equivalent to setting u = 1 in the above equations. Having done this, a solution was
found using the parameter values,

)\zz )\’:E
© K
cfE vzl.?u%

n

The solutions for 7, xs are shown in Figure 1. Of course, we require the solution to be stable, in

I8 A term proportional to Tr(x*) is ‘missing’, but for an SU(2) adjoint, this is proportional to [Tr(x2)]?
19These are usually taken to be the Pauli spin matrices, suitably normalised.
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Figure 1: A solution which breaks SU(2)to U(1) on a domain wall.

order to later quantise the theory. We will demonstrate stability by considering normal modes of
time-dependent perturbations, and showing that these are all oscillatory. Normal modes could be
collective oscillations of the fields, so perturbing the fields individually will not be sufficient, and we
have to proceed as follows.

Define © = (n x3)7, and let @° = (n° x3)T denote the static solution we have found. Now
introduce a perturbation (we stick to only y-dependence),

0 =0"+e™"P(y)

where P = (P1 Pg)T gives the direction of the perturbation in field space. The equations of motion
are,

020, oV _ 0%,

oy ' 00; o2
which becomes,
d2@? iwt d2PJ ov 2 dwt
42 + ee ay? 90, =ew e P;
We can write 2¥- = %{7 + ee™? f(P) + O(e?). The above equation is then satisfied identically to
i i

zeroth order in e. We want to solve it to first order. f is linear in the perturbations, so there exists
a matrix M such that f(P) = MP. We find that P satisfies the equation,

d? 2
(—d—yz+M)P:w P

We treat this as an eigenvalue problem, and find the possible eigenvalues w?. If any of these are
negative, the solution is unstable, for the reasons given in section 4.5. Notice that the differential
operator is Hermitian, because M is necessarily real and symmetric, so we are guaranteed to get real
eignenvalues.

M is easily found by writing out g’T_Vj to first order in e. For example,

oo _ oV
90y Oy
= 0" [N (") = v®) + e(x5)]
+ee™? [(12)\'(770)2 +c(x3)* — 4)\'1)2) Py + QCXgnOPl] + O(€%)
In this way, we find that,

M= ( 12X (n°)% + e(x3)? — 4lv? 2ex9n° )
2ex3n° A3+ c(n”)? — p®
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Solving the eigenvalue equation numerically, the lowest eigenvalues we find are (to four decimal
places),

w® =0.0000, 0.2353, 0.7375
0.7382, 0.7483, 0.7508
0.7664, 0.7718, 0.7923

The are two features of this partial spectrum that deserve comment. The first is the zero eigenvalue.
This is expected, and is harmless. It corresponds to the ‘zero mode’ of the solution. The equations
of motion of the system are translationally invariant in the extra dimension, but the solution we
have found is not. This means there is a whole family of degenerate static solutions that differ only
by translation. Therefore translating our solution in the extra dimension would cost no energy, and
this is the origin of the zero eigenvalue. For more details, see the discussion of the zero mode of the
(1 4+ 1)-dimensional kink in [5].

The second feature worth mentioning is the fact that except for the first few, the differences
between the increasing eigenvalues are quite small. This continues for all the larger eigenvalues.
We are seeing the numerical equivalent of the continuum of eigenvalues expected for a ‘finite well’
Schrédinger equation, which is effectively what we have solved. We will show this more clearly when
we examine the SU(5) case.

The lack of any negative eigenvalues indicates that the solution we have found is stable, thus
verifying that the Dvali-Shifman mechanism indeed works as claimed.

7.2 Breaking SU(5) to SU(3) x SU(2) x U(1)

Having proved that the Dvali-Shifman idea works as expected in the SU(2) case, we proceed to a
potentially realistic model, where the unbroken gauge group is that of the standard model. For this
we will require a larger group in the bulk, and the obvious choice is the grand unification group
SU(5), described in section 3.

First we briefly re-iterate what we are trying to achieve. We will look for solutions such that the
symmetry is broken to SU(3). x SU(2)r x U(1)y on a domain wall formed by a gauge singlet scalar
field. This symmetry is exact everywhere, so the standard model gauge fields will remain massless.
SU(5) is unbroken in the bulk, so the theory away from the wall should exhibit confinement, with all
physical states having masses of order the confinement scale A. Therefore at low energies, the massless
standard model fields cannot propagate in the bulk, and we get an effective (3+1)-dimensional theory
on the wall. We now proceed to find such a solution.

Again, we introduce two scalar fields: x in the adjoint representation, and n which is a gauge
singlet. As well as gauge invariance, we also impose the Zs symmetry n — —n again, which will
lead to kink-like solutions for 7.

Before we can write down the potential of the theory, we note that there are two extra terms
compared to the SU(2) case — terms proportional to Tr(x*) and Tr(x*). For SU(2), the first of
these is identically zero, and the second is proportional to [TT(XQ)]27 and so not independent. For
simplicity we impose an additional Z> symmetry x — —x, which disallows the T’/‘(XS) term. The
potential of the theory is then given by,

V(n,x) = (en? = i>)Tr(x®) + M1 [Tr(x)]” + X Tr(xh) + X (9% — v?)?

We assume that all parameters are positive; this trivially guarantees that V' is bounded from below.
Again, we want n? = v? and x = 0 to correspond to the global minimum of the potential. Additional
constraints which ensure this are,

cvz—u2>0 4)\/)\1—cz>0

As before, we can use gauge freedom to put x into a standard form. The SU(5) adjoint consists of
traceless Hermitian matrices, and transforms via x — UxU' so x can be diagonalised by a gauge
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transformation. Explicitly, we write x = Z?zl X;Tj, where,

2 0
2 0
1
Tl:z\}ﬁ 2 T2 = 3 0
-3 1
-3 -1
1 1
-1 1
™S= 3 0 0 ™= 55 -2 0
0 0

The 7’s have been chosen so that Tr(r;7,) = % jk- In terms of these four components, the potential
is (brace yourself, dear reader):

Vin,x) = =(n” —p®)(d + x5+ x5 +x3)

N =

1 1
+A1 [Z(X? + X5 + X3 + X1) + 5()&)@ + X3+ XIXE +XEXE + xaxd + xaxd)
1 1 1
3+ %mx%m +=xixi + ngxi

7 9 1 1 1
s [—x‘f + = X3XE + Sxe + TXEINE + oX =

120 20 8 5 8

1 1
— ——=x1xi+ —xi] + XN (n? —v?)?

3v5 8

Recall that the Klein-Gordon equation in the presence of a potential is 9p,0™ ¢ + %—Z = 0. We are
looking for static solutions that depend only on the extra dimensional coordinate y, and in this case
the equations following from the above potential are,

d*n 1.2 2 : 2
a2 nq4x (n —U)+CZXj

=1
Pxi )\4 243 124—32-‘—22—%22—&-02—2
a2 X1 1;:1)(3 2 30X1 10X2 5X3 5X4 n H
1 s 1 5
—\ _ -
+\/§ 2X4 <X3 3X4)
d’x2 \ L, \ 9 o 1 5 2 2
FE X2 1;:1)(3-—!— 2 EX1+§X2 +eont =
d*xs _ 2 - 24 g2+lz+i +lz+62_2
dy? X3 1j§:1Xg 2| 5X1 T 5X3 \/5X1X4 5 X4 n— K
d2X4 2 2 5,14 1 1 o 2 2
= A 24+ [ 2 Sa2 = - _
dy? X4 1;:1 Xj T A2 5X1+2X3 \/5X1X4+2X4 +ent —p

1 2
+—=Xa2x1

\/5 X1X3
From the form of the 7’s, we see that we will get breaking to the standard model gauge group if x1
has a non-zero value inside the wall, but the other x’s all remain zero. Therefore we will look for
solutions of this form. The resulting equations are,

d277 /2 2 /2

WP - n{4Nn* + exi — 4AN'v?}

d? 7

a0 { (vt -) ©

7.2.1 Numerical solutions and stability

Notice that the equations are very nearly identical to the equations we got in the SU(2) theory. The
stability issues will be more complicated, because we now have three extra fields, but it turns out
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Figure 2: A solution for 1 and x which breaks SU(5) to the standard model gauge group on a domain
wall.

that the following choice of parameter values gives us what we require:

I 1
P ez B
1 1

v = 1.7u%

The corresponding numerical solution is plotted in Figure 2.

Now that we have a static solution of the necessary form, we need to demonstrate that it is
stable. This proceeds similarly to the SU(2) case, except that we now have five fields instead of just
two. Our task is simplified by the fact that our solution has x2 = x3 = x4 = 0. This means that
perturbatively, these fields don’t couple to each other, n, or xi.

In detail, when we let © = (1, x1, X2, X3, X4)T and again write down our perturbation eigenvalue
equation,

& +M)P=uwP
dy? -
we find that M is in block-diagonal form; it contains a 2 x 2 block in the top left corner, corresponding
to coupled oscillations of n and x1, and a diagonal 3 x 3 block in the bottom right, corresponding to

independent oscillations of the other fields. In this way, our eigenvalue equation actually separates
into the four independent equations,

d> . Py 2 Po
Sa i (m) = e
d? 7 042 042 2] 2
—d_y2+ )\1“‘%)\2 (X1) Hcn) —u|Pr = wiPs
d? 2 0\2 0\2 2] 2
—d_yz+ )\1+5)\2 (x1) +em) —p | Ps w3 P3
d? 2 0\2 02 2] 2
—d—y2+ )\1+5)\2 (Xl) +C(77 ) —uo| Py wi Py
Where / 0\2 /1,2 0\2 0,0
M:< 12X ()" = 4V'0* + e(x4) N >
2ex1n (31 + HA2) (XD + e(n°)? —

An eigenvalue of any of these equations is also an eigenvalue of the original equation, so stability
of our solution requires that all eigenvalues of these four equations are positive. These eigenvalues
can be found numerically, and the lowest for each equation are displayed in Table 1. We see the
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2 2 2 2
wi w3 w3 wj

0.0000 0.0856 0.0216 0.0216
0.2396 0.7368 0.7362 0.7362
0.7376 0.7382 0.7381 0.7381
0.7382 0.7460 0.7449 0.7449
0.7483 0.7506 0.7506 0.7506
0.7508 0.7628 0.7614 0.7614
0.7665 0.7714 0.7712 0.7712
0.7718 0.7877 0.7862 0.7862
0.7923 0.8004 0.8002 0.8002

Table 1: Eigenvalues for perturbations of the SU(5) solution.

Perturbative potential for x,
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Figure 3: The effective potential for perturbations of xo in the static background solution found for n
and 1.

same structure as in the SU(2) case. There is a zero mode, corresponding to translation of the
solution for n and x1 (the reason such a zero mode does not occur for the other fields is that their
solutions — identically zero — are translationally invariant), plus a handful of ‘bound states’, and then
a continuum of eigenvalues.

To clarify these features, the effective potential for perturbations of x2 is plotted in Figure 3.
The potential is just a smooth finite well, and looking at the eigenvalues we can see it must support
a single bound state, which nonetheless (importantly!) has positive energy. Asymtotically, V ~ .73,
and this is approximately the value at which the ‘continuum’ eigenvalues start. These are familiar
features of a one-dimensional quantum mechanical system. To confirm that we really are getting
a continuum of eigenvalues, the code was run again, with the domain doubled. This should allow
more continuum modes to ‘fit’; so the numerical eigenvalues should be closer together. The resulting
lowest eigenvalues are,

w2 =0.0856 0.7348 0.7350
0.7373  0.7380 0.7416
0.7431 0.7478 0.7502

As expected, the bound state eigenvalue has not changed, but the higher eigenvalues are more tightly
packed, giving a better numerical approximation to a continuum.

Adding fermions

At this stage, our model contains only scalar fields. We have argued that when gauge bosons are
incorporated into the theory, they will be localised to the domain wall, yielding an effective (3 4 1)-
dimensional theory. We have not commented on fermions though. This may seem folly, for we have
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seen in the case of the dilaton that results from a toy model won’t necessarily hold when extra fields
are added.

In the case of our SU(5) model though, this shouldn’t be a problem. There is no apparent reason
that the Yukawa coupling to the kink field would fail to localise fermions, but even if it did, it
shouldn’t matter. The massless zero modes of the fermions should be localised to the domain wall
for the same reason the gauge bosons are — to propagate in the bulk, they would have to be bound
into ‘colourless’ states with masses of the order of the confinement scale of the theory. The same line
of reasoning was used in [1] in the context of the SU(2) model.

7.3 Miscellanea

We have achieved our initial goal with the SU(5) model, but there is another possibility that deserves
comment.

In the usual symmetry breaking scenario, the scalar field assumes a uniform value which minimises
the potential. In this context, Li has proven that for a field in the adjoint representation, SU(5)
always breaks to SU(3) x SU(2) x U(1) if A2 > 0 [17]. In our model though, x varies in the
extra dimension, so Li’s results do not apply. This suggests the possibility that we could get more
symmetry breaking than in the traditional model.

It may seem undesirable to break the standard model gauge group, but there is one interesting
possibility. It is conceivable that we could use the Dvali-Shifman mechanism to break SU(5) all
the way to SU(3) x U(1)g — the unbroken gauge group we observe in nature. Unfortunately,
inspection of the 7’s reveals that the best we can potentially do with an adjoint Higgs is break to
SU(3) x U(1) x U(1), by finding a solution for which both x1 and x2 are non-zero. Still, if we could
achieve this, it would be an interesting proof of concept.

Solutions were found in which x1 and x2 were both non-zero, but unfortunately the perturbative
analysis showed them all to be unstable. It seems probable that no stable solutions of this form
exist, but this could only be verified by a systematic scan of parameter space, or analytical results.

If viable, the additional symmetry breaking may actually be practical in a different model. The
initial approach taken in this project was to consider an SO(10) model in the bulk. In an SO(10)
model, Li’s results imply that ‘normal’ symmetry breaking to SU(3) x SU(2) x U(1) must occur in
two stages, involving two different scalar field multiplets. We thought the Dvali-Shifman mechanism
might provide a way to break SO(10) directly to the standard model. The initial results didn’t seem
promising, so the focus was shifted to SU(5).

8 What About Gravity?

We have managed to obtain classical solutions of the SU(5) theory which, via the Dvali-Shifman
mechanism, should lead to localised fermions and gauge bosons in the quantised theory. But we have
done this in a flat spacetime. If our model is to be realistic, we have to include the Randall-Sundrum
idea so that gravity is also localised. In this section we set up such a model. The resulting equations
have not yet been solved.

8.1 SU(5) Dvali-Shifman in a warped spacetime

The existence of the Randall-Sundrum solution depends crucially on having a non-zero value of the
five-dimensional cosmological constant, so we expect that we will require this also. We take the
action for the theory to be??,

1
S = /d4:c /dy\/@ {—A —2M*R+ §GMNDM77DN77 + GMNTr [DyxDnx] — V(n, X)}
Here G is the determinant of the metric, M is the fundamental mass scale of the theory, and A is

the five-dimensional cosmological constant. Varying the action with respect to GM¥ gives Einstein’s
equations for the metric,

1 1 1
Run — EG]\/INR = P GunN {A — EGPQDPUDQU -Gy [DpxDox] + V(n, X)}
-&-L lD Dnn+Tr[DuxDnx| (6)
ERE mMnDnNn T DymxDnx

2OImplicit in the sign of the Einstein-Hilbert term is our convention for the sign of the Riemann tensor: (DD, —
D:D)X* = R*, . XV
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We take an ansatz of the same form as the Randall-Sundrum metric,
ds® = GundzMdz"™ = eiQU(y)nwd:c“de —dy?

Assuming, as we did in the case without gravity, that the scalar fields depend only on ¥y, we can

substitute this ansatz into (6) to obtain,
1 1 1 (dn 2 dx 2
= il (il T ox
MGTE {2 (dy) i (dy @)
ne_ 1 dn’)* dx\*
(@) 24M3{ reg (58) +re | (5) | - v (®)

As in the Randall-Sundrum case, a negative cosmological constant is essential to obtaining the type
of solution we want. To see this we note that as y — 400, Z—;ﬂ ‘;—’;7 and V(n, x) all approach zero,
so without a cosmological constant, ¢ would asymptote to a constant. We could not then obtain an
effective four-dimensional theory, because the integral over y would be infinite.

The equations for the scalar fields are,

—_

a@n -9 9
a7 dy " o ®)
cx; yodxs _ OV

a7y T o

d’n sy _ OV

(10)

We now have a fairly horrendous set of coupled non-linear equations to solve — much more complicated
than those in the case without gravity. We can however make a small amount of progress quite easily.

The fine-tuning condition in the Randall-Sundrum model comes about from requiring consistency
of equations (7) and (8) . We would like to find the analogue of this condition in our model. Something
interesting happens when we attempt to do this. Differentiating (8), and substituting (9) and (10)
into the resulting expression, we obtain (7)! This means that (7) is redundant. It seems that when
the ‘brane’ is generated by dynamical fields, the fine-tuning condition is replaced by the equations
satisfied by the fields themselves. This is a very nice result — fine tuning of parameters is undesirable
in any theory. Not only that, but we now have only three coupled equations to solve.

We have not yet attempted to solve the set of equations (8), (9), and (10).

9 Conclusion

In theories with extra dimensions, the main challenge is to explain why we only observe three spatial
dimensions, in a way that doesn’t contradict other experimental facts. The most natural way of
achieving this from a field-theoretical point of view seems to be to trap the standard model fields
(and gravity!) a (3 + 1)-dimensional topological defect.

In this thesis we have concentrated on the case of one extra dimension, where our universe is
identified with the centre of a domain wall formed by a scalar field. Fermions are easily localised
to the wall, but gauge bosons pose a bigger problem. An initial approach involving a second scalar
field, the dilaton, was shown to interfere with the fermion localisation, and was thus abandoned.

Focus then shifted to developing a grand unified theory in which only the standard model gauge
bosons would be localised to the wall. We succeeded in finding a solution to an SU(5) GUT which
exhibited the symmetry-breaking required for this to occur, and argued that localised fermions can
also be incorporated into the model quite easily. Finally, we indicated how the theory would need to
be extended to include gravity, although little work has been done in this direction as yet.

Apart from including gravity, there are other issues which need to be addressed to make this
model realistic. In particular, we have not as yet solved the problem of how to subsequently break
the electroweak symmetry of the standard model on the brane. Presumably this will require yet
another scalar field, analogous to the standard model Higgs.
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A Lie Groups

The concept of symmetry plays a major role in physics, and especially in modern particle physics. In
particular, all fundamental forces are assumed to arise from ‘gauge symmetries’. These symmetries
are described by the action of certain Lie groups on the vector space of field operators. As such, it
is important for physicists to have an understanding of certain aspects of the theory of Lie groups.

A.1 Elementary group theory

A group is a set endowed with a binary operation that satisfies certain axioms. We will denote the
operation by ‘-’ so that (a,b) — a-b. A set G with such an operation is said to be a group under
that operation if for all a,b, c € G the following axioms hold:

e a-bedG

o JdeeGsuchthate-a=a-e=a

o ForallacGIa'eGsuchthata-a '=a'-a=e¢
e a-(b-c)=(a-b)-c

We call e the identity in G and a™' the inverse of a (or “a inverse”). Note that one of the rules
familiar from elementary multiplication is missing - commutativity: a-b = b-a. Commutativity only
holds in some groups; those groups are referred to as Abelian groups.

Some familiar examples may be helpful: a vector space is a group under addition; the integers
Z form a group under addition; the non-zero real numbers R* form a group under multiplication.
These are all Abelian groups. An example of a set with a binary operation that fails to form a group
is the set of integers under multiplication; inverses do not exist in this case.

In practice, the operation in non-Abelian groups is usually denoted simply by juxtaposition of
elements, so that (a,b) — ab, and in Abelian groups by the ‘plus’ symbol, so that (a,b) — a +b. In
general cases where it is not specified what type of group we have, the non-abelian notation is used.

If G is a group, then H C G is called a subgroup of GG, sometimes denoted H < G, if it forms a
group itself under the group operation of G. It is easily seen that H C G is a subgroup if, given any
a,b € H the following hold:

o alecH
e abc H

Note that these two conditions guarantee that e € H, so all subgroups contain the identity. A simple
example of a subgroup is the group of even integers inside the group of all integers: the sum of two
even integers is even, and the negative (inverse) of an even integer is even.

Given a subgroup H < G, it is often useful to define the space of its cosets. A coset of H in G
is a subset of G of the following form. Given g € GG, we define:

gH ={gh:h e H}

Because H is a subgroup, e € H, and therefore g € gH. If g € H then gH = H. More generally,
although any element of GG defines a unique coset, each coset can be specified by multiple elements.
In fact, g1H = goH if and only if gi1g; ! ¢ H. Each element that defines a coset is called a
representative of that coset. The cosets of H form a partition of GG; each element of G belongs to
exactly one coset of H. These are all elementary facts, and can be easily proven.

It seems natural now to try to define a group structure on the set of cosets of H via the rule
g1H - g2H = (g1 - g2)H. We run into a problem here though: it could be true that gsH = g2H but
(g1 - g3)H # (g1 - g2)H. In other words, our definition may depend on which representative of the
coset we choose, which would make it not well defined. It turns out that the above multiplication is
only well-defined if an extra condition is met, which leads us to another definition:

A subgroup H < G is called a normal subgroup if for all h € H and all g € G, g *hg € H.
Equivalently, g"'Hg = H. It is easily checked that if H is a normal subgroup of G, then its cosets
form a group under the operation previously defined. We denote this group G/H and call it the
quotient group of G by H. Verbally, G/H is often referred to as “G mod H”.

Another common object in group theory is the product of two groups. Given groups G1, G2, we
define their direct product (or just ‘product’) by:

G1 x G2 ={(91,92) | ;1 € G1,92 € G2}

with group operation:
(91.92) - (91,92) = (91 - 91, 92 - g2)
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A.2 Lie groups

A Lie group G is a differentiable manifold that is also a group such that multiplication and inversion
(a — a™') are both differentiable mappings (multiplication as a mapping from G x G to G and
inversion as a mapping from G to itself). This may be a somewhat meaningless definition for those
with no knowledge of differential topology, but this project deals only with very concrete examples
of Lie groups, to which we now turn.

First we note that invertible n X n matrices with entries in either R or C form a group under
matrix multiplication. These groups are called the general linear groups, and are denoted by
GL(n,R) and GL(n,C) respectively. We will denote the identity matrix in any of these groups
simply by 1. All Lie groups we deal with will be subgroups of these groups.

In particular, the following Lie groups occur frequently in particle physics:

e U(n) - the group of all unitary n X n matrices.
e O(n) - the group of all (real) orthogonal n x n matrices.

The groups SU(n) and SO(n) are the subgroups of the above consisting of matrices with determinant
1. We note in passing that U(1) is simply the set of complex numbers of modulus 1.

With the exception of SO(1),0(1),SU(1) and SO(2) = U(1), the above groups are all non-
Abelian. SO(1),0(1), and SU(1) are zero-dimensional Lie groups, and thus rather trivial, so the
only Abelian Lie group of interest to us is U(1).

The groups O(n) and U(n) have nice geometric interpretations. If the matrices in these groups are
considered as representing linear transformations on R™ and C™ respectively, then they are exactly
the transformations that preserve the usual inner product on these spaces. In other words, they
represent transformations analogous to rotations and reflections in familiar three-dimensional space.

A.2.1 Lie algebras

Lie groups can be very complicated mathematical objects. Fortunately, to every Lie group is associ-
ated a Lie algebra — a simpler object which nonetheless captures many of the important properties
of the group.

A Lie algebra V is a vector space equipped with an operation, usually denoted by [u, v], called
the Lie bracket, which satisfies the following for any vectors u, v, w € V, and any scalar a (belonging
to either R or C depending on whether the vector space is real or complex)

o [uv]eV

[
o [u,v] =—[v,u]
o [au+v,w] = alu,w]+ [v,w]

[u7 [’07 w” + [11)7 [ua ’U]] + [’U, [w7 u]] =0

The last axiom in the above is given a special name - the Jacobi identity.

Once we have a basis {v',...,v"} for V, we can define the structure constants C'**° of the Lie
algebra by:

[v", %] = iC"v°
where repeated indices are summed over. The Jacobi identity can now be written as an identity for
the structure constants:
Cabdcdce + Ccadcdbe + Cbcdcdae -0

There is more we can say about the structure constants. It is immediate from the anti-symmetry
of the Lie bracket that C%° is anti-symmetric in @ and b, but it turns out we can choose a basis in
which it is anti-symmetric in all three indices. We won’t prove this here.

The Lie algebra of a Lie group
The definition of the Lie algebra associated with a Lie group requires notions from differential
topology, so we will give a definition that is equivalent for our purposes, and easier to understand.

Given some Lie group G, we define the Lie algebra of G, denoted g, as follows>!:

g ={A:exp(—iA) € G}

where exp() is defined by its usual power series, which converges for all square matrices. For all the
groups that will be of interest to us, it is a non-trivial fact that all their elements can be obtained

21In mathematics, this definition usually does not contain the factor of —i. Physicists include this so that the Lie algebras
of the unitary groups consist of Hermitian matrices.
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by exponentiation of some matrix, so the Lie algebra contains all the information of the Lie group.
The Lie bracket operation for these Lie algebras is defined by,

[A,B] = AB — BA

where AB denotes the matrix product of A and B. It is often convenient to choose a basis {77, ... ,’Tk}
such that Tr(7%7") = 16a. To prove that this is possible, notice that < A, B >= Tr(AB) defines
an inner product on a vector space of square matrices, so the above is just equivalent to finding an
orthonormal basis, which can always be done.

Abelian groups are quite trivial in a lot of ways, and we are often interested in exactly how a
group departs from being Abelian. To this end, the commutator of two group elements a,b is
defined to be the element aba~*b~!. Note that this is the identity element if and only if ab = ba i.e.
if @ and b commute. So the commutators of elements measure how non-Abelian a group is. Let’s
study the commutator in Lie groups:

Let € be an infinitesimal positive number, and take A, B € g. Then we can define two group
elements “infinitesimally close to the identity” by:

U = exp(—ieA) = I —ieA+ O(€%)
V = exp(—ieB) = I — ieB + O(¢%)
We can now calculate the commutator of U and V. We find:
UVU 'V =1- €A B+ O()

This result suggests something which is in fact true, but requires more proof: two group elements
exp(—tA) and exp(—iB) commute if and only if [A, B] = 0. Therefore the non-Abelian nature of a
Lie group is captured by the Lie bracket of its Lie algebra.

A.3 Representations

We now need to look at what it means for a Lie group to act on a vector space. This leads immediately
to the idea of a representation of a group.

Suppose some group G acts linearly on a vector space. This means that for any group element g
and any vector v, we can obtain another vector g - v in a linear fashion. Therefore the action of G
amounts to the action of a collection of linear transformations, which can be represented by square
matrices. The action is related to the group multiplication by the rule g- (h-v) = (gh)-v. This leads
to the following definition:

A linear representation (or just representation) of a group is a function D from the group
to some set of n X m matrices such that D(ab) = D(a)D(b). Therefore the matrices D(a) have the
same multiplication properties as the group elements a. So the representation is literally a way of
representing the group multiplication by multiplication of matrices. The group can now act on an
n-dimensional vector space via the representation. Note though that the function D may not be one
to one - for example, the trivial representation simply maps every element of G to the identity
matrix.

Suppose then that we have a group G acting on a vector space V. It may be that V' has some
subspace V' C V such that G - V' C V’. In this case the representation is said to be reducible.
Otherwise it is said to be irreducible. For the groups we are interested in, all representations are
completely reducible, which means we can always write V. = V! @ V2 @ ... ® V! such that the
representation on each V* is irreducible.

For many of the groups relevant to particle physics, there is at most one irreducible representation
of any given dimensionality. Therefore representations are often denoted by n, where n is the
dimension of the representation.

It is often very important to know how a representation breaks down into irreducible repre-
sentations. Each irreducible component of a representation is essentially independent, so must be
considered separately.

A.3.1 Important cases

There are a few concepts concerning representations that arise again and again in particle physics.
Fundamental representations

Each Lie group we consider is a subgroup of some general linear group GL(n,F), where F is either

R or C. As such, there is a canonical representation arising from the natural action of the group on
n-dimensional vectors. This is called the fundamental representation.
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Induced representations

Given a Lie group G and some subgroup H, any representation of GG induces a representation of H
in the obvious way. This is called an induced representation. It is important to note that even
if the representation of G is irreducible, the induced representation of H will generally break down
into several irreducible components.

Conjugate representations
Suppose D is a representation of G on a complex vector space V. Then we can define a representation
D* on the complex conjugate space V* by D*(a) - v* = (D(a) - v)*. This is called the conjugate
representation.

Extending our notation from above, the conjugate representation of n is denoted by n*.

B Topological Defects

We mentioned earlier that the domain wall solution we have been using is an example of a ‘topological
defect’. In this appendix we explain the meaning of this term, and why such a solution is guaranteed
to be stable. First we revisit the kink, and then present the general theory.

B.1 The kink

Suppose we have a field theory in 1 + 1 dimensions, which contains just a single scalar field 5. If we
impose a Zs symmetry n — —n, the Lagrangian of the theory is,

L= L0umd"n — A — 0*)?

where ¢ = 0, 1. This model exhibits the phenomenon of spontaneous symmetry breaking; the vacuum
manifold consists of the two points n = £v. We consider the problem of finding finite-energy static
solutions of this (classical) theory. The equation satisfied by a static solution is,

d277 2 2

d—y2—4)\7](77 —v9)=0
To have finite energy, the field must asymptote to one of its vacua as y — +o0o. We have for example
the trivial uniform solutions with zero energy, given by n = +v. Here though, we are interested in
the non-trivial ‘kink’ solution,

7 = v tanh(my)

where m = v2Av. The total energy is,

_ o 1 dﬂ) 2 2 242
E /Oody{2(dy + A(n v)}
We can see from this that the energy is localised around y = 0. It is interesting to note that because
the equation of motion is Lorentz-invariant, we can actually boost this solution to obtain a moving
lump of energy; the kink is somewhat like a particle. For this reason it is sometimes referred to as a
soliton??.

This solution is called a ‘topological defect’, because even though it is not the lowest-energy
solution, we can argue that it is completely stable; it cannot decay to one of the ground states
n = dwv. To see this, notice that for any finite amount of energy, the field must asymptotically
assume one of its vaccum values. Decay to a ground state would require the asymptotic value in one
direction to change from one vacuum value to the other, but there is no continuous way for this to
happen. Therefore we say the kink is topologically stable.

B.2 The general case

The case of the kink is actually a somewhat trivial example, because the vacuum manifold is discon-
nected. More interesting cases occur in theories with more spatial dimensions and a more complicated
vacuum manifold. Usually this involves having a multiplet of scalar fields in a non-trivial represen-
tation of some Lie group.

22Technically, the kink does not satisfy the criteria of a soliton, but of a slightly weaker object called a solitary wave.
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Denote our scalar field multiplet by ®, and the vacuum manifold by M. The ground states of
the theory occur when ® uniformly assumes some value p € M.

If the theory lives in n+1 dimensions, the spatial part is topologically R™, so its boundary is S™*.
Therefore boundary conditions for a finite-energy solution correspond to a map f : S~ ' — M. If
the (n—1)** homotopy group of M is non-trivial, there arises the possibility that f is homotopically
non-trivial. In this case, the solution cannot be uniform, and thus will have non-zero energy. But
similarly to the kink, it cannot decay to the ground state.

To have finite energy at all times, the asymptotic values of ® must always lie in M. Continuously
deforming these from the configuration given by f to a constant would amount to a homotopy
between f and a constant map, contradicting the fact that f is homotopically non-trivial. Therefore
any such solution will be topologically stable.

C Numerical techniques

The main results of the project, presented in section 7, were only able to be obtained by solving
the differential equations numerically. This was achieved using C code, which was modified and
expanded from code written by Damien George to solve a similar problem. A significant amount of
the author’s time was spent on the numerical aspects of the work, and as such it seems appropriate
to give a very brief description of how it was done.

C.1 The relaxation method

The first thing to do was actually find solutions to the equations (5). Both of these equations are of
the form f” = S(f) for some function S, and this makes them quite simple to deal with numerically.

When finding solutions numerically, functions are approximated by their value at a finite set of
points {yn}. So the function f is represented by the array {f(y1), f(y2), ..., f(y~n)}. This means we
have to find discretised versions of derivative operators. For simplicity, we work with a fixed step
size, so that |yn — yn—1| = h for some fixed h and all values of n. There are two obvious choices for
the first derivative operator,

o S Yna) = Fyn)

T (yn) = S0 (1)
fl(yn) ~ M (12)

(11) is an approximation for the upper derivative, and (12) is an approximation for the lower deriva-
tive. For a differentiable function, these two agree in the limit h — 0. We need a second derivative
though, so we iterate this definition to obtain,
! !
f”(yn) f (ynJrl)h I (yn)

fynt1) = 2f(yn) + f(yn-1)
+ 52 (13)

where in going from the first line to the second, we have substituted (12) for the first term, and (11)
for the second. This is a well-known approximation for the second derivative. Where we go from
here depends on the boundary or initial conditions of the problem. In our case, we have Dirichlet
boundary conditions at y = 00, which means here that we will enter the values of f(y1) and f(yn)
by hand. So we have the values of f at each end, and need to ‘fill in’ the middle. To do this, we
re-arrange (13) to get f(yn) in terms of the neighbouring values,

1

~

) = 3 (Fme) + Fnr) = BF"(0n))

= S (Fme) + Flyns) — 25 (7)) (14)

where we have used the fact that f solves f” = S(f). This expression forms the basis of our
method of solution. We put in our Dirichlet boundary conditions, and also a trial expression for f
on the interior (most of the time, this was just taken to be a constant). We then go through and
set each f(yn) equal to the above expression. Iterating this procedure, f converges to a solution.
This is known as the relaxation method, because f ‘relaxes’ to a configuration that solves the
equation. In reality, we set some small value for the acceptable ‘error’, and once the maximum value
of Af(yn)/f(yn) drops below this number, terminate the program and read out what we hope is
very close to a solution!
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Notes
One thing to note is that with non-linear differential equations, such as those encountered in this
project, solutions are not necessarily unique, even once boundary conditions are specified. Therefore
different expressions for the trial function can conceivably lead to different solutions of the equation.
For example, one solution for the adjoint scalar in section 7 is identically zero. Obviously this is not
the solution we wanted, so had to use a non-zero trial function to try to find a less trivial possibility.
Once a solution is thought to have been found, we have to ensure it is a genuine solution by
checking it is insensitive to the details of the numerics. As such, each time a solution was found,
the code was run again multiple times with smaller error tolerance, or smaller step size, or larger
maximum value of y (we had of course to find solutions on a finite domain!). An approximation
to a genuine solution will not depend significantly on such numerical parameters. All the solutions
presented in section 7 passed these tests.

C.2 Finding eigenvalues

We demonstrated perturbative stability of the solutions we found in section 7 by showing that all
perturbations resulted in oscillatory behaviour. This involved finding the eigenvalues of a second
order linear differential equation.

Differential operators are linear, so if f is being represented by a (large!) vector
(f(v1), f(y2), -, f(yn)), the operator d?/dy* will take the form of a matrix. We need to know what
this matrix is. Returning to our approximation,

() ~ L) = 2f}§gn) + f(yn1)

we can easily see what this matrix needs to be:

1
dz/dy2—>ﬁ 0 1 -2 1 0

The problem is thus reduced to finding the eigenvalues of a very large matrix. The algorithms for
doing this were taken from ‘Numerical Recipes in C’.
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